Models coming from different physical applications are very large in size. Simulation with such systems is expensive so one usually obtains a reduced model (by model reduction) that replicates the input-output behaviour of the original full model. A recently proposed algorithm for model reduction of bilinear dynamical systems, Bilinear Iterative Rational Krylov Algorithm (BIRKA), does so in a locally optimal way. This algorithm requires solving very large linear systems of equations. Usually these systems are solved by direct methods (e.g., LU), which are very expensive. A better choice is iterative methods (e.g., Krylov). However, iterative methods introduce errors in linear solves because they are not exact. They solve the given linear system up to a certain tolerance. We prove that under some mild assumptions BIRKA is stable with respect to the error introduced by the inexact linear solves. We also analyze the accuracy of the reduced system obtained from using these inexact solves and support all our results by numerical experiments.
Introduction
A dynamical system describes a relation between two or more measurable quantities by a set of differential equations. The system may be linear or nonlinear. A bilinear dynamical system is one such weakly nonlinear system. The system can be described both in the time domain and in the frequency domain. In the time domain, a Multiple Input Multiple Output (MIMO) bilinear dynamical system with m inputs and p outputs is represented as follows [1, 2] :
N k x(t)u k (t) + Bu(t),
where A, N k ∈ R n×n for k = 1, . . . , m, B ∈ R n×m and C ∈ R p×n . Also, u(t) = [u 1 (t) . . . u m (t)] T ∈ R m , y(t) : R → R p and x(t) : R → R n . It is not possible to write the transfer function of a complete bilinear dynamical system, therefore, in [2, 3] the authors represent the bilinear dynamical system in the frequency domain by a series of subsystem transfer functions, i.e.,
where ζ M = {H 1 (s 1 
whereN = [N 1 . . . N m ]; I n and I m are the identity matrices of size n and m, respectively; and ⊗ denotes Kronecker product (defined later). If in (1) , the matrix N is a zero matrix, then the system is a linear dynamical system. That is, a MIMO linear dynamical system is represented aṡ
x(t) = Ax(t) + Bu(t), y(t) = Cx(t).
The transfer function of the linear dynamical system in the frequency domain is defined as follows:
In general, dynamical systems corresponding to real world applications are extremely large in size. Simulation and computation with such systems requires large amount of space and time. By using model reduction techniques [4] , these large dynamical systems are reduced into a smaller size, which makes the simulation and computation easier. Model reduction can be done in many ways, i.e., by using balanced truncation, Hankel approximations or Krylov projection [4] . Projection methods obtain the reduced model by projecting the original full model on a lower dimensional subspace, and are quite popular. In literature, there are several techniques of projecting a dynamical system [4, 5, 6, 7, 8, 9] . The Petrov-Galerkin projection is one such projection technique that gives nice properties in the reduced model. Interpolation is usually used to obtain the subspaces involved in the Petrov-Galerkin projection.
Based upon the theory of Petrov-Galerkin based interpolatory model reduction, authors in [5, 10, 11] have proposed Iterative Rational Krylov Algorithm (IRKA) for model reduction of linear dynamical systems. IRKA provides the reduced model that is optimal (the kind of optimality is discussed in the next section). Similar to IRKA, authors in [1, 2, 12, 13] have proposed Bilinear Iterative Rational Krylov Algorithm (BIRKA) for model reduction of bilinear dynamical systems.
The main computational bottleneck in reducing larger models (or dynamical systems) is solving large sparse linear systems of equations. The reason for this is that typically, model reducers 2 use direct solvers, e.g., LU factorization to solve such linear systems of equations, which are expensive. The solution to this scaling problem is to use iterative methods, e.g., Krylov subspace methods. Application of Krylov subspace methods for IRKA has been done [14, 15, 16] . Iterative methods are inexact, i.e., they solve linear systems of equations up to a certain stopping tolerance. Hence, it becomes important to check if the model reduction algorithm (IRKA or BIRKA) is stable with respect to these inexact solves. In other words, we need to check that small errors in linear solves does not substantially deteriorate the quality of the reduced model. For IRKA, stability analysis has been done in [17] . We do the same for BIRKA, i.e., prove that BIRKA is stable with respect to the inexact linear solves. From this work users will have more confidence in using iterative solvers for BIRKA.
In the next section (Section 2), we discuss model reduction by a Petrov-Galerkin based interpolatory model reduction framework. We discuss stability of BIRKA in Section 3. In Section 4, we analyze invertibility assumptions of all involved matrices as well as the accuracy of the reduced system obtained from a backward stable BIRKA. We support our theory with numerical experiments in Section 5, and give concluding remarks as well as future directions in Section 6. For the rest of this paper we use the terms and notations as listed below.
a. In literature [1] , the H 2 −norm of a bilinear dynamical system is defined as
where I p is an identity matrix of size p. If the type of norm is not written, then in the case of functional norm it is a H 2 −norm. In the case of matrices it is a 2-norm.
b. The Kronecker product between two matrices P (of size m × n), and Q (of size s × t) is defined as
where p i j is an element of matrix P and order of P ⊗ Q is ms × nt.
c. vec operator on a matrix P is defined as
d. Also, R denotes the set of real numbers and F denotes the discrete subset of real numbers.
Petrov-Galerkin Based Interpolatory Model Reduction Framework
According to the Petrov-Galerkin projection, the residual of a dynamical system obtained after projecting on a lower dimensional subspace, is made orthogonal to some other subspace defined by a test basis. Let η i denote the residual of this dynamical system, then according to the Petrov-Galerkin condition, η i ⊥ L, where L denotes any test subspace.
The subspace on which we project, and the orthogonal subspace are not known to us. We can arbitrarily pick these subspaces, but then we cannot guarantee a good input-output behaviour 3 from the reduced model. For the reduced model to provide a high fidelity approximation to the input-output behaviour of the original full model, we use interpolation to obtain these subspaces. In [5] , authors give an algorithm for model reduction of linear dynamical systems called IRKA (Iterative Rational Krylov Algorithm). IRKA is a Petrov-Galerkin based interpolatory model reduction algorithm. For a certain type of linear dynamical systems, IRKA locally converges to a local minimum of the underlying H 2 −optimization problem [18] . For H 2 −optimality discussion in the linear case we refer the reader to [5] and [18] . We discuss H 2 −optimality in the bilinear case below. Next, we apply Petrov-Galerkin based interpolatory model reduction to a bilinear dynamical system. This is a short summary of the original work in [1] and [2] . After reduction, the bilinear system (1) can be represented as [1] ζ r :
where A r , N k r ∈ R r×r , B r ∈ R r×m and C r ∈ R p×r for k = 1, . . . , m with r ≪ n. We want ζ r to approximate ζ in an appropriate norm, and hence, y r (t) should be nearly equal to y(t) for all admissible inputs. Let the two r-dimensional subspaces, V r and W r , be chosen in such a way that V r = Range(V r ) and W r = Range(W r ), where V r ∈ R n×r and W r ∈ R n×r are matrices. We project the original full model (1) to a lower dimensional subspace, i.e., x (t) ≈ V r x r (t), and enforce the Petrov-Galerkin condition [1, 2] 
Comparing the above equations with (6), we get
, and C r = CV r , (7) where W T r V r is assumed to be invertible. Obtaining such an invertible matrix is not hard [1] . Different selection of the subspaces V r and W r give different reduced models, but we choose the subspaces V r and W r by enforcing interpolation. In the case of bilinear systems, there are two ways of doing interpolation [2] .
A bilinear system can be represented by a series of subsystem transfer functions. If we apply certain interpolation conditions on a finite number of subsystems then, it is called subsystem interpolation [2] . Another way is Volterra series interpolation. Here, interpolation is done on a weighted sum of all Volterra kernel transfer functions given by (2) . We refer the reader to [2, 19] for a detailed discussion on the definition of the Volterra series, the Volterra kernels, and the subsequent derivations.
As the subsystem interpolation approach is unable to satisfy any optimality condition [2] (error between the original full model and the reduced model is minimum in some norm), so our focus is on the Volterra series interpolation. We need to know how to build V r and W r such that the conditions of the Volterra series interpolation are satisfied. We also need to decide where to interpolate so that we get an optimal reduced model. Here, we focus on H 2 −optimality.
In a bilinear system, the following error system expression is differentiated for getting the H 2 − optimality conditions [1] :
whereǍ,B,Č andŇ k are the initial guesses for the reduced system. Also,
Performing interpolation on the inverse images of the reduced system poles helps achieve H 2 −optimality. Theorem 1 below summarizes this where the poles of the transfer function of every reduced subsystem (say H r k ) are computed (say represented by λ l 1 , λ l 2 , . . . , λ l k ), inverted (leading to −λ l 1 , −λ l 2 , . . . , −λ l k ), and finally, interpolation is performed at these points.
Theorem 1.
[2] Let ζ be a bilinear system of order n. Let ζ r be an H 2 −optimal approximation of order r. Then, ζ r satisfies the following multi-point Volterra series interpolation conditions: Obtaining the residues and the poles of the H 2 −optimal reduced model is not possible since we do not have such a system. In [1, 12] the authors propose Bilinear Iterative Rational Krylov Algorithm (BIRKA), which at convergence, ensures that the conditions of Theorem 1 are satisfied. BIRKA gives a locally H 2 −optimal reduced model. Algorithm 1 lists BIRKA.
Backward Stability
In general, numerical algorithms for a problem are continuous in nature but, a digital computer solves them in a discrete manner. The reason is limitation on the representation of real / complex numbers. Since complex numbers can be represented by real numbers, we focus on latter only. Let fd : R → F be a function giving a finite approximation to a real number. It provides rounded equivalent as [20] 5 
where ǫ machine is the machine precision. Also, for every operation between any two finite numbers, the result is exact up to a relative error, i.e., for all x, y ∈ F
where ⊕ can be any of the following operation: +, −, * , and /. Consider a continuous mathematics algorithm f : X → Y. Say executing this algorithm on a digital computer (that uses finite precision arithmetic) is represented as f : X → Y. To check how good the approximated algorithm f is, one usually computes the accuracy of f . We say an algorithm f is accurate if [20] 
where x ∈ X. From the above equation, we find that computing accuracy is not possible since we do not know f (x). A more easier parameter to check the goodness of f is stability. There are multiple notions of stability. One such notion is backward stability, which says that an algorithm f is backward stable if [20] f (x) = f ( x) for some x with
This notion of backward stability is useful since one can easily compute accuracy of the result/ output for a backward stable algorithm. 
where ǫ machine is the machine precision (or perturbation in x).
Let's look at lines 3b. and 3c. in BIRKA (Algorithm 1). There we need to solve linear systems to compute vec(V) and vec(W), respectively. Solving these linear systems by direct methods (such as LU-factorization, Gaussian elimination, etc.) is too expensive (time complexity of O(n 3 ), where n is the system size). Moreover the linear systems here have sparse matrices. For such systems, iterative methods, e.g., Krylov subspace methods [4] , are preferred because of the reduced complexity (time complexity of O(n × nnz), where nnz is the number of nonzeros in the matrix)
* . Iterative methods are inexact in nature, which means they do not solve linear systems, say Ax = b, exactly. Instead Ax = b + δ is solved, where δ is the stopping tolerance. Our aim is to find that if one uses an iterative solver (also called inexact solver from now on) in IRKA or BIRKA, are these algorithms stable with respect to the error introduced by the inexact solves. As earlier, we check for backward stability. For IRKA, the backward stability analysis has been done in [17] .
Let in BIRKA vec(V) and vec(W) be calculated exactly, and g be the functional representation of the interpolation process that uses vec(V) and vec(W) in BIRKA (i.e., exact BIRKA). Similarly, let vec( V) and vec( W) be calculated inexactly (i.e., by an iterative solver), and g be the functional representation of the interpolation process that uses vec( V) and vec( W) in BIRKA (i.e., inexact BIRKA). Then, from the backward stability definition, BIRKA is backward stable if
where ζ is the perturbed full model corresponding to the error in the linear solves for vec( V) and vec( W) in inexact BIRKA. This perturbation is denoted by F. Next, we look at the above two conditions for stability in the two different sub-sections below.
Satisfying the First Condition of Backward Stability
Let the original full order model be represented as ζ :
Recall from * In fact, the matrices here are block sparse. Iterative methods for difficult to solve linear systems usually require a preconditioner. Hence, this block sparsity can be exploited in designing preconditioners here. E.g., in [21] , authors have designed an Incomplete LU (ILU) factorization for efficiently solving block sparse linear systems. The techniques from [21] , can be used for designing better ILU preconditioned iterative methods for block sparse linear systems.
Algorithm 1, the following:
BT ⊗ B vec(I m ) and
Also, let the residuals associated with iterative solves for computing vec( V) and vec( W) be vec(R B ) and vec(R C ), respectively. Then, the above equations lead to
Let V r = orth( V) and W r = orth( W). The Petrov-Galerkin projection connects the reduced model matrices (obtained by inexact BIRKA) to the original full model matrices as
where this reduced model is represented as ζ r :
By the backward stability definition, next we find a perturbed full model whose exact interpolation will give the reduced model as obtained by inexact interpolation of the original full model. Let the perturbed full model be represented as ζ :
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As earlier, V r = orth( V) and W r = orth( W). Using the Petrov-Galerkin projection to connect the reduced model matrices (obtained by exact BIRKA) with the perturbed full model matrices we get
where this reduced model is represented as ζ r : A r , N 1 r , . . . , N m r , B r , C r . To satisfy the backward stability's first condition (9), we equate the reduced models in (14) and (18) . That is,
and if H V r = 0, then C r = C r . Using the Petrov-Galerkin framework for the inexact solves in (12) and (13), we can easily achieve some of the above relations. We discuss this next.
The Petrov-Galerkin Framework for Inexact Solves
The Petrov-Galerkin framework by definition implies finding the solution of a linear system of equation such that its residual at every point is orthogonal to some other suitable subspace [22] . In our context, we define the Petrov-Galerkin framework as below.
Find V ∈ P r such that R B ⊥ Q r and find W ∈ Q r such that R C ⊥ P r ,
where P r and Q r are any two r-dimensional subspaces of C n ; V and R B satisfy (12); and W and R C satisfy (13) .
Comparing (12) with (16) and (13) with (17), we get the following equations:
Next, we consider perturbations in A, N k , B and C individually, and use the Petrov-Galerkin framework discussed above. First, if we take the perturbation F in A only, then (20) is equivalent to
In the above, if we multiply W T from left in the first equation and V from right in the second equation, then we get
From the Petrov-Galerkin framework (19) , W ⊥ R B and V ⊥ R C , and hence,
Similarly, if we take the perturbation E k in any one N k matrix, then (20) is equivalent to
Again in the above, if we multiply W T from left in the first equation and V from right in the second equation, then we get
Using the Petrov-Galerkin framework (19) in above we get
To achieve the desired result, i.e., W T r E k V r = 0, we needŇ k to be invertible. This cannot always be guaranteed. Thus, we drop the perturbation analysis with N k matrices.
Finally, if we only take the perturbations G and H, in the matrices B and C, respectively, then (20) is equivalent to
As in the last two paragraphs, multiplying by W T from left in the first equation above, multiplying by V from right in the second equation above, and using the Petrov-Galerkin framework (19) we get
As above, to achieve the desired result, i.e., W T r G = 0 and H V r = 0, we needB andČ to be invertible. This cannot always be guaranteed because these are non-square matrices. Thus, we drop the perturbation analysis with B and C matrices both.
Hence, (22) implies that if we consider the perturbation in A matrix only and use a PetrovGalerkin framework for the inexact linear solves, then 
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The theorem below summarizes this. 
Satisfying the Second Condition of Backward Stability
Next, we show that the second condition of backward stability, given in (10), is also satisfied. According to (10) , the difference between the original full model and the perturbed full model should be order of the perturbation, i.e.,
We satisfy the above condition in the absolute sense, since ζ is independent of F. That is,
Consider the error system ζ err = ζ − ζ whose matrices are defined as follows [1, 2] :
, and C err = C −C .
The H 2 −norm of this error system is ζ err 2
Then, the norm of this error system is
< 1, then by the Neumann series we get that
Bounding the right hand side of the above equation we get the following: 
Let Q −1 < 1, which is defined by the original system (further analyzed in Section 4.1) and F < 1, which is related to the residuals of linear solves (further analyzed in Section 4.2). Then, using the matrix norm property we have the following:
Substituting the above in (29) we get
Next, we relate F and F . From (26) we know
Taking norms on both the sides of the above equation, and applying the triangle inequality property ( X + Y ≤ X + Y ) we get
Further, using the norm distribution property of Kronecker product ( X ⊗ Y = X Y ) [24, 25] , we have the following:
From (25) we know F = 0 0 0 F . Using the definitions of all the commonly used matrix norms (Frobenius, 2, 1 and ∞) [26] we get
Thus, we have satisfied the second condition of backward stability. The theorem below summarizes this. The hypotheses of this theorem are usually easy to satisfy, and are discussed in the next section. The corollary below summarizes our stability result. 
Analysis
Next, we analyze our assumptions and results from the previous sections. First, we revisit the assumed invertibility of all relevant matrices (in Section 4.1). Second, we derive the expression for accuracy of the reduced system, in-terms of the residuals of the linear solves as well as the conditioning of the bilinear system (in Section 4.2).
Invertibility of Involved Matrices
Until now, we have assumed invertibility of eight matrices. Most of these invertibility assumptions directly come from the control system theory as well as the model reduction theory of bilinear systems. We have also assumed invertibility of few newly proposed matrices. In this subsection, we summarize/ analyze all these assumptions in the order of appearance of the corresponding matrix in this paper. We first summarize the invertibility assumptions from literature.
(a) We assume invertibility of (s k I n − A) and (sI n − A) in (2) and (4) (8), we assume the middle term, i.e., During the backward stability analysis of BIRKA, we assume invertibility of some newly proposed matrices. Next, we analyze these matrices. Note that below, we discuss the matrix in (b) before the matrix in (c) although the latter appears first in this paper. This is done for ease of exposition. 
(b) We assume invertibility of Q given in (24) . Also listed below for easy access.
This is one of the most important assumption in obtaining a backward stable BIRKA (see Corollary 1). Hence, here we relate this invertibility assumption with the underlying bilinear dynamical system. If we define
where Q 1 , Q 2 ∈ R 2n×2n are any two matrices, then Q can be rewritten as
is invertible, then Q 1 and Q 2 are invertible. This implies that Q = (Q 1 ⊗ Q 2 ) is invertible. Consider the following generalized Lyapunov equation used in the derivation of BIRKA [1, 27] :
If the solution of this equation is the identity matrix (i.e., P = I n ), then the left hand side matrix in this Lyapunov equation is
, which needs to be invertible for invertibility of Q.
(c) In (23) and (27), we assume invertibility of
and Q − F , respectively, both of which represent the same matrix (i.e., Q with perturbation). This matrix is invertible if
Accuracy of the Reduced System
Assume that BIRKA satisfies the hypotheses of Corollary 1, i.e., it is backward stable with respect to the inexact linear solves. Then, from Theorem 2 we get that
where, as earlier (recall (9)- (10)), g denotes exact BIRKA, g denotes inexact BIRKA, ζ is the original full model, k(ζ) is the condition number of ζ (discussed below), and F is the perturbation in ζ.
If we define, g (ζ) = ζ r , and g (ζ) = ζ r , then the above equation can be rewritten as
Here, we are looking at the reduced systems obtained at line 3e. of Algorithm 1, i.e., at the end of every iterative step of BIRKA. Thus, accuracy of the reduced system is dependent on the conditioning of the problem as well as the perturbation. Next, we look at both these quantities separately. First, we want to compute conditioning of our bilinear system with respect to performing the inexact linear solves on lines 3b. and 3c. of Algorithm 1. Since for backward stability we equate the reduced model obtained by performing inexact BIRKA on the original full model (ζ) and performing exact BIRKA on the perturbed full model ( ζ), these inexact linear solves are captured by ζ. Thus, the condition number of our bilinear system with respect to computing the H 2 −norm of the error system ζ err = ζ − ζ will give us a good approximation to the condition number that we want to compute (with respect to computing the H 2 −norm of ζ r − ζ or ζ r − ζ r ). Similar behavior has been observed for linear dynamical systems (see Theorem 3.1 and 3.3 in [17] ).
Recall, the condition number by definition means relative change in the output (for us this is ζ − ζ H 2 ζ H 2 ) with respect to the relative change in the input (for us this is F A since we are perturbing the A matrix). Hence, from (30) we have
where Q −1 < 1 and F < 1. Since F < 1, then we also have
Using above, (33) can be rewritten as
From (32), we know F ≤ F . Hence, the above inequality is equivalent to
In the numerical experiments section, for both our problems, we show that this condition number is fairly small. In other words, both our problems are well-conditioned with respect to computing the H 2 −norm of the error system ζ err . Note that Q −1 < 1 and F < 1 as assumed here come from the assumptions for backward stability of BIRKA (see Corollary 1), and hence, we do not need any extra assumptions. Second, we relate the perturbation F with the residuals R B and R C given in (12) and (13), respectively. Recall that we are considering the perturbation F in A matrix, and hence, this F should satisfy both the equations in (21) . That is,
From the assumptions for backward stability of BIRKA (Corollary 1), we know that we need to use a Petrov-Galerkin framework, i.e.,
where V and W are again given in (12) and (13), respectively. Using (36), we get that
satisfies (35). This is assuming W T V is nonsingular, which has already been discussed in the previous subsection. The theorem below gives a bound on this F. This theorem is similar to Theorem 4.2 from [17] in the linear case. (12), R C and W be defined as in (13) , and F be defined as in (37 
Theorem 5. Let R B and V be defined as in
Proof. Note that
Consider the first term from the above expression as
Similarly, taking the second term as
Finally, we get
In the expression of F above, we see that the norm of the perturbation is proportional to the norm of the two residuals obtained while solving the two set of linear systems ( R B and R C ) as well as the norm of two other quantities ( W T V) −1 W T and V( W T V) −1 . These two quantities are very less dependent on accuracy of the linear systems we solve. They are also not sensitive to different initializations of BIRKA as well as different reduced system sizes. This behavior is similar to the related quantities obtained in the stability analysis of IRKA [17] . We support this argument with numerical experiments in Section 5.2.
To summarize, ζ r − ζ r H 2 is proportional to k (ζ) and F . The problem is usually well conditioned, and F is directly proportional to R B and R C . Thus, as we iteratively solve the linear systems arising in BIRKA more accurately (i.e., reduce the stopping tolerance of the linear solver), we get a more accurate reduced system. This is very useful in deciding on when to stop the linear solver. If we need a very accurate reduced system, then we need to iterate more in the linear solver, else we can stop earlier. We support this with numerical experiments in the next section.
Numerical Experiments
We perform experiments to support the conjecture, as discussed above, on two models. First, we use a flow model [28] in Section 5.1, and then we use a heat transfer model [1, 27] in Section 5.2. These models give us both SISO as well as MIMO bilinear dynamical systems of sizes varying from 100 to 40, 000.
The resulting linear systems to be solved vary from 600 × 600 to 2, 00, 000 × 2, 00, 000. For solving the linear systems while computing V and W by a direct method (exact BIRKA), we use a backslash in Matlab. This uses Gaussian elimination as the underlying algorithm. The most popular iterative methods for solving the sparse linear systems of equations are the Krylov subspace methods [29] . As discussed in Section 3.1, for a backward stable BIRKA with respect to the inexact linear solves, we need to use a linear solver based upon the Petrov-Galerkin framework (Theorem 3 and Corollary 1). Since the Biconjugate Gradient (BiCG) algorithm [14] is an iterative linear solver based upon this framework, we use it for solving the linear systems while computing V and W by an iterative method (inexact BIRKA), i.e., V and W.
We implement our codes in MATLAB (2015a), and test on a machine with the following configuration: Intel Xeon(R) CPU E5-1620 V3 @ 3.50 GHz., frequency 1200 MHz., 8 CPU, 64 GB RAM.
A Flow Model
We first do experiments on a "flow model" [28] , which consists of a one dimensional viscid Burgers equation. That is,
where w(x, t) is the velocity at a particular point x and a time t; and v(x, t) is the viscosity coefficient that we take as a constant (v). We perform spatial semi-discretization of the above
, where N is the number of interior points in the interval (0, L). Further, using Carleman bilinearization [1, 28] , we obtain a bilinear dynamical 19 system of order N × N 2 . We briefly show these steps below.
where ω = ω 1 , ω 2 , . . . , ω N T ; and f (w) and g(w) can be written in Kronecker product form as below.
where B 0 ∈ R N×1 ; A 1 , B 1 ∈ R N×N are the Jacobians of f (w) and g(w), respectively; and A 2 ∈ R N×N 2 is the second derivative of f (w). Leṫ
Finally, we get the bilinear system of order N + N 2 aṡ
We refer the reader to [28] for exact structure of A 1 , A 2 , B 0 and B 1 .
For our experiments, we take N = 10, L = 1 and v = 0.1 that gives us a SISO bilinear dynamical system of size 110. We initialize the input system in BIRKA by random matrices based upon similar setup in [1] and [2] . The stopping tolerance for BIRKA is taken as 10 −6 , and we reduce this model to size 6. Both of these are again chosen based upon similar values in [1] and [2] . This leads to solving the linear systems of size 660 × 660. While using BiCG we use two different stopping tolerances (10 −2 and 10 −8 ). Ideally, we should obtain a more accurate reduced model when using the smaller BiCG tolerance. 20
First, let us look at the remaining assumptions for backward stability of BIRKA (see Theorem 4 and Corollary 1). Q is invertible here. We also have Q −1 less than one (i.e., 1.6051 × 10 −3 ).
Finally, F , at the end of the first BIRKA step, for the BiCG stopping tolerance of 10 −2 and 10 −8 is 3.0675 × 10 −1 and 2.4596 × 10 −4 , respectively, both of which are also less than one. These values are less than one at the end of all the other BIRKA steps as well. The condition number for our problem, as defined in (34), is 1.2125 × 10 −2 . This shows that the flow model is well-conditioned.
The accuracy results are given in Figure 1 and Table 1 . In Figure 1 , we have accuracy of the reduced system ζ r − ζ r H 2 on the y-axis and the BIRKA iterations on the x-axis. Table  1 gives the corresponding data. From Figure 1 , we do not observe any difference in the values of ζ r − ζ r H 2 for the two BiCG tolerances. The dotted line, which corresponds to the BiCG stopping tolerance 10 −2 and the solid line, which corresponds to the BiCG stopping tolerance 10 −8 coincide. Ideally, the solid line should be below the dotted line. This behaviour is clearly reflected in Table 1 (see the second and the fourth columns).
BIRKA gets more consistent as it converges to the ideal interpolation points. Hence, towards the end of the BIRKA iterations (iteration 14 to iteration 20), accuracy of the reduced system for the BiCG stopping tolerance of 10 −8 is substantially better than accuracy of the reduced system for the BiCG stopping tolerance of 10 −2 . This is reflected in Figure 2 , which is an enlarged version of Figure 1 , as well as Table 1 . In Table 1 , we observe that BiCG takes exactly same number of iterative steps from the BIRKA iteration 8 until convergence. That is, for the BiCG stopping tolerance of 10 −2 it stays at 44, and for the BiCG stopping tolerance of 10 −8 it stays at 90. The reason for this is that the linear systems change very little from the 8 th BIRKA step. This can be inferred by looking at the eigenvalue distribution of the linear system matrices as well as their Frobenius norm. Figure 3 shows the distribution of the six smallest eigenvalues (in absolute sense) of the linear system matrices corresponding to the BiCG stopping tolerance of 10 steps 8, 9 and 10. Each of these six eigenvalues do not seem to change with respect to the change in the BIRKA steps. However, if we look at any one eigenvalue, specifically, for example the smallest eigenvalue at the three different BIRKA steps, then we observe that it does change, but only slightly (see Figure 4) . The Frobenius norm of the linear system matrices at the BIRKA steps 8, 9 and 10 are 1.7263 × 10 3 , 1.7264 × 10 3 and 1.7266 × 10 3 , respectively. Thus, this supports the argument that matrices do not change much. 
A Heat Transfer Model
The next set of experiments we do on a heat transfer model as given below [1, 27] .
is the temperature at a particular point in the space (l 1 , l 2 ) and at a time t; n is the unit outward normal to the domain; u 1 and u 2 are the input variables; and Γ 1 , Γ 2 , Γ 3 , and Γ 4 are the boundaries of the unit square. After spatial discretization of the above equation using K 2 grid points, we obtain a bilinear dynamical system of order K 2 × K 2 with two inputs and one output as shown below.ẋ
where, as earlier,ẋ
stopping tolerances (10 −4 and 10 −8 ). Ideally, as discussed earlier, we should obtain a more accurate reduced model for the smaller stopping tolerance.
We reduce the model of the size 100 to the size 6. Hence, the linear systems that are required to be solved are of the size 600 × 600. As above, we use an unpreconditioned BiCG here. First, let us look at the remaining assumptions for backward stability of BIRKA (see Theorem , respectively, both of which are also less than one. These values are less than one at the end of all the other BIRKA steps as well. The condition number for our problem, as defined in (34), is 2.6653 × 10 −2 . This shows that the heat transfer model is well-conditioned.
For this model size, we do not give results for supporting the main conjecture (as discussed at the end of Section 4; the more accurately we solve the linear systems, the more accurate reduced system we obtain). This is because for a small sized dynamical system we have already reported the data in Section 5.1, and we get the similar results here. Here, we do some other analyses corresponding to Theorem 5, i.e., relation between the perturbation and the stopping tolerances. Table 2 lists the values of R B , R C ,
and F for the BiCG stopping tolerance 10 −4 , and Table 3 gives the same data for the BiCG stopping tolerance 10 −8 .
It is obvious from these two tables that
are very less sensitive to the BiCG stopping tolerance, while R B and R C are directly proportional to it. Thus, as conjectured at the end of Section 4, the norm of the perturbation F should reduce as we reduce the BiCG stopping tolerance. This is supported by the data in the two tables as well (see columns for F ). The values of R B , which is the residual of the linear systems involving V, for both the BiCG stopping tolerances seem higher that their respective stopping tolerances. The reason for this apparent anomaly is that we are reporting the absolute residuals here. The relative Table 4 : The sensitivity analysis for the heat transfer model of size 100 with respect to random initializations and reduced system sizes.
We reduce the model sizes 10, 000 and 40, 000 to the sizes 6 and 5, respectively. Hence, the linear systems of size 60, 000 × 60, 000 and 2, 00, 000 × 2, 00, 000 are required to be solved, respectively. The linear systems arising in the model reduction process of both these size are ill-conditioned. Hence, we use a preconditioned BiCG here. The preconditioner that we use is 26 incomplete LU [30] . The drop tolerance in the preconditioner is taken as 10 −5 based upon the range given in [30] . The result for the model size 10, 000 is given in Figure 5 and the result for the model size 40, 000 is given in Figure 6 . From both Figure 5 and 6, it is again evident that we get a more accurate reduced model as we solve the linear systems more accurately (solid line is below the dotted one at all the BIRKA steps). 
Conclusions
BIRKA provides a locally H 2 −optimal reduced model. The most expensive part of BIRKA is finding solutions of large linear systems of equations. Iterative algorithms are a method of choice 27
for such systems but they find solutions only up to a certain tolerance. Hence, we show that BIRKA is backward stable with respect to these inexact linear solves under some mild assumptions. We also analyze the accuracy of the inexact reduced system obtained from a backward stable BIRKA. We support all our results with numerical experiments. The first assumption is that Q is invertible. In Section 4.1, we have given a better characterization of this invertibility assumption (in terms of the underlying Lyapunov equation). However, this requires further analysis.
The second and the third assumptions involve bounding Q −1 and F by one. Although for both our experimental models we have shown that these assumptions are easily satisfied, they may not always hold. Q is dependent on the input dynamical system and F on the stopping tolerance of our underlying linear solver. Hence, the future work here involves identifying the categories of bilinear dynamical systems and the range of linear solver stopping tolerances when these would be true. It is important to emphasize that the above assumptions are the sufficiency conditions (and not necessary) for backward stability of BIRKA, and hence, BIRKA may be backward stable even when these do not hold. While computing the accuracy, we have given an expression for the condition number of the bilinear system with respect to computing the H 2 −norm of the error between the perturbed model and the original model. This condition number is an approximation to the condition we want to compute. That is, the condition number of the bilinear system with respect to computing the H 2 −norm of the error between the inexact reduced model and the original model. This is also part of future work.
In literature [2] , another cheaper variant of BIRKA, called Truncated BIRKA has been proposed (also called TBIRKA). TBIRKA uses a truncated Volterra series, and hence, it is computationally less expensive than BIRKA. Another future direction involves proving backward stability of TBIRKA.
